The present paper provides a complete description of left balanced rings. Recall that a ring is called left balanced if every left .R-module M is balanced, i.e. if, for any left i2-module M, the natural homomorphism of R to the double centralizer of M is surjective. In [4] , left balanced rings have been shown to be left artinian. Hence, by [7] , a ring is left balanced if and only if it is a finite product of full matrix rings over local left balanced left artinian rings. Consequently, the study of left balanced rings is reduced to that of left artinian local rings.
The present paper provides a complete description of left balanced rings. Recall that a ring is called left balanced if every left .R-module M is balanced, i.e. if, for any left i2-module M, the natural homomorphism of R to the double centralizer of M is surjective. In [4] , left balanced rings have been shown to be left artinian. Hence, by [7] , a ring is left balanced if and only if it is a finite product of full matrix rings over local left balanced left artinian rings. Consequently, the study of left balanced rings is reduced to that of left artinian local rings.
Throughout the rest of the paper, R denotes a local left artinian ring, W is its radical, and Q = R/W is the residue division ring. There is a unique simple left jR-module R Q, and E denotes its injective envelope (so E is the only indecomposable injective left .R-module). Then the main result of the present paper is the following: Here, R is called uniserial, if all its left ideals and all its right ideals are linearly ordered by inclusion. The rings described under (b) and (c) will be called exceptional. As a matter of fact, it will be shown (Theorem 2.3) that a local ring R satisfies the conditions (b) if and only if its opposite R* satisfies the condition (c). Consequently, an (arbitrary) ring is left balanced if and only if it is right balanced. As a by-product of our structural investigations in [4] and the present paper, a left artinian ring A is shown to be balanced if and only if every finitely generated left A -module is balanced (Remark 3.7).
STRUCTURE THEOREM. R is left balanced if and only if either (a)
In this paper, we are concerned only with the necessity of the conditions. The sufficiency of (a) is well known and the sufficiency of (b) and (c) was essentially proved in [5] .
If Q = R/W is finitely generated over its centre, then R is exceptional if and only if W 2 = 0 and d R WxdW R = 2 (Theorem 5.2). This is a consequence of the fact that a division subring of a division ring which is finitely generated over its centre, is of left index 2 if and only if it is Finally, a categorical characterization of balanced rings is given in Theorem 4.1: a left artinian ring A is balanced if and only if the composition factors of each indecomposable left A -module are isomorphic, if every such A -module of length greater than 3 is uniserial, and any two indecomposable A -modules of a given length with isomorphic composition factors are isomorphic. In fact, a balanced ring has only finitely many isomorphism types of indecomposable modules (Theorem 4.2).
Preliminaries
Throughout the paper, the terminology and notation of [4] will be used as well as the notations R, W, Q, and E fixed already. In particular, if A is a ring with unity, A* denotes its opposite. By an A -module we always understand a unital A -module; the symbols A M or M A will be used to underline the fact that M is a left or a right A -module, respectively; dM will denote the length of M. It should be noted that homomorphisms always act on the side opposite to that of the operators; in particular, every left .4-module M defines a right ^-module M^, where # is the centralizer of the A -module M.
We need three known results. Conversely, in [5] , certain local rings with W 2 = 0 were shown to be left balanced. There, Q was supposed to be commutative; however, this was used only to calculate the indecomposable injective modules. If we assume that E has the appropriate properties, then § § 3, 4, and 5 of [5] give the following two descriptions of i?-modules (as well as proving that exceptional rings are balanced Proof. Let if be the radical of # . Since M is of finite length, if is nilpotent and M v has a non-trivial socle Socilf^ and a non-trivial radical Mif (see [1] , Exercise 3, pp. 26-27). Now, M/{m<£ + Mif) and SocM<# are semisimple right ^-modules. Moreover, the local ring <€ has only one isomorphism type of simple modules, and therefore, if we show that any ^-homomorphism T of the form The next result corresponds to Construction II of [4] ; it implies that modules of equal length over a local left balanced, left artinian ring are isomorphic if they have simple socles. LEMMA 
Similarly, we define the subring T w of R:
Again, W ^ T w , T w /W is a division subring of Q, and, for an arbitrary unit p of i?, dimQ {Tjw) = dimQ (Ttcplw) . Now w 0 E wR + S w v, and therefore there are elements r x e R, s e S w , and r 2 E R such that w 0 = wr x + sv and sw = -wr 2 . We claim that the homomorphism
where e is the canonical epimorphism, is an extension of p. Indeed, the element w is mapped into
as required. Consequently, M is injective and, being of length 3, necessarily indecomposable. So E also has length 3.
To complete the proof, let us verify that (iii) implies (i). An indecomposable injective left i?-module M of length 3 is necessarily an amalgam of two copies of R R over its socle. Thus, (i) dim# (r j^) = 2;
(ii) ^ere exisi i^o linearly independent elements v, w of QW such that
Proof. Both statements (i) and (ii) are dual to those of Proposition 2.1, and thus they are equivalent. In order to show that (ii) implies (iii), let v, w be the elements given in (ii). We are going to prove that R/Rw is an indecomposable injective jR-module, hence a copy of E. Since M is injective, <p can be extended to a homomorphism from R R r to M, and therefore lifted to R R > R R. From here, it follows that wr e Rw and thus r e T w ; moreover, x -vre Rw. Consequently, which fact completes the proof of Proposition 2.2. THEOREM 
A ring R is exceptional if and only if its opposite R* is exceptional.
Proof. This follows immediately from the fact that a ring satisfies the conditions of Proposition 2.1 (i) if and only if its opposite satisfies the conditions of Proposition 2.2 (i).
We conclude this section by remarking that the existence of exceptional rings will be shown in §5. There we shall also consider the conditions under which a local ring R with W 2 = 0 and dim Q W x dim W Q = 2 is exceptional. It will be shown that this question is equivalent to deciding whether certain division subrings of Q have left index equal to right index. Lifting <p to W a 22 we find that (a n -r, a 12 ) e D and, in particular, a n -r e W and a 12 REMARK. Let us point out briefly that an alternative proof of the first part of Lemma 3.4 can run as follows: having proved that dim W Q = 1, one can deduce from Lemma B of [2] that dimQ iT j w) < 2. By Proposition 2.2, the latter is equivalent to the fact that R is exceptional. 
The structure theorem
Now consider
Obviously, dM x = 4. The left i2-module M x has no monogenic quotient of length 2. For, given a homomorphism 9?: The proof of Theorem (3.5) , and therefore of the Structure Theorem, is now complete.
Since the concepts of a uniserial ring, as well as that of an exceptional ring, are self-dual, we have the following important result. COROLLAEY 
A ring is left balanced if and only if it is right balanced.
From now on, we refer simply to a balanced ring. REMARK 
A left artinian ring A is balanced if and only if every finitely generated left A-module is balanced.
Proof. If every finitely generated left A -module is balanced, then A is a finite direct sum of full matrix rings over local rings R € . Otherwise, it follows from [9] that there are non-balanced modules of length 2. Now, the property of being finitely generated is invariant under Morita equivalence, and so finitely generated ^-modules are balanced (see, for example, [2] ). Therefore it is sufficient to prove our theorem for local rings; and for these, the theorem holds because each non-balanced module used in the proofs in [4] and in the present paper is generated by at most four elements.
The assumption in Remark 3.7 that the ring A be left artinian is essential. It is well known (see [1] ) that every finitely generated abelian group is balanced, although the ring of all integers is not balanced.
The module category of a balanced ring
It is well known (and was used in the proof of the Structure Theorem) that the property of being balanced is invariant under Morita equivalence. Here, we characterize explicitly the balanced rings A in terms of the module categories A M. THEOREM 
The left artinian ring A is balanced if and only if the category A M of all left A-modules has the following properties: (i) the composition factors of each indecomposable left A-module are isomorphic, (ii) every indecomposable left A-module with length greater than 3 is uniserial, and (iii) any two indecomposable left A-modules of a given length and with
isomorphic composition factors are isomorphic.
Proof. First, note that A is the direct sum of full matrix rings over local rings R$ if and only if condition (i) is satisfied in A M. Then, A M satisfies (ii) and (iii) if and only if, for all i, the categories j^M satisfy these conditions. Therefore, it is sufficient to prove Theorem 4.1 for a local left artinian ring A = R.
The necessity of the conditions follows immediately from Theorem 3.5 together with Theorems (1.2) and (1.3).
In order to prove the sufficiency, let us first assume that all indecomposable left i2-modules are uniserial. Then R is trivially left uniserial. Also, R is right uniserial. Proof. A balanced ring is left artinian, therefore the length of the uniserial left A -modules is bounded. For any simple module 8, all indecomposable left -4-modules with composition factors isomorphic to 8 are uniserial or of length 3, and any two of them are isomorphic, if their lengths are equal. This follows from Theorem 4.1. Since there is only a finite number of non-isomorphic simple A -modules, the number of isomorphism types of indecomposable left modules is finite. By duality, also the number of isomorphism types of indecomposable right modules is finite.
The residue division ring
Recall that R denotes a local left artinian ring, W is its radical, and Q = R/W is the residue division ring. In this section we seek conditions under which such a ring, with
is exceptional. It will be shown that this question is equivalent to deciding whether certain division subrings of Q have left index equal to right index (cf. [10] The existence of a local ring R, with W 2 = 0 and d R W x 8W R = 2, which is not exceptional would imply that the concept of a balanced ring involves not only the structure of the lattices of left and of right ideals, but also the embeddings of certain subrings. 
